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Abstract 



We consider a planar waveguide with "twisted" boundary conditions. By twist- 
0^ ■ ing we mean a special combination of Dirichlet and Neumann boundary conditions. 

Assuming that the width of the waveguide goes to zero, we identify the effective 
(limiting) operator as the width of the waveguide tends to zero, establish the 
uniform resolvent convergence in various possible operator norms, and give the 
estimates for the rates of convergence. We show that studying the resolvent con- 
^ C"| vergence can be treated as a certain threshold effect and we present an elegant 

+^ ■ technique which justifies such point of view. 



1 Introduction 

In this paper we study a model of a planar waveguide with twisted boundary conditions. 
£■ — ' The waveguide is modeled by a strip of a small width. In this domain we consider the 

Laplacian with a special combination of the Dirichlet and Neumann condition, see fig.[U 
The parameter L introduced on fig. [T] is assumed to be cither fixed or defined as L = e£ 
for a fixed £, where e is the width of the strip. Our main aim is to study the asymptotic 
' behavior of the resolvent of such operator as the width of the waveguide tends to zero. 

There is a vast literature devoted to the study of various elliptic operator in thin 
bounded domains. Not aiming to cite all existing papers and books, we just mention 
the books of S.A. Nazarov and G.P. Panasenko [35], |5T], see also the references in 
these books and other papers of these authors. In these works the most attention was 
. paid to the case of Neumann problems and the behavior of the spectrum was studied. 

$— i ' Similar studies but for Dirichlet problems were made in [9], [10], [11], [13], [23], [24], 

[37], [33], [33], [31], [37], [35], gD]. The uniform resolvent convergence for Dirichlet 
Laplacian in a thin bounded two-dimensional domain was established in [37J, while 
the multidimensional case was treated in [TU]. We also mention the paper [3D], where 
the Laplace-Beltrami operator was studied on a bounded manifold shrinking to a finite 
graph. 

The case of unbounded thin domains was considered, too. Here we can refer to 
the papers [3], [IS], [31], [33], [35], [35], [33J, [35J, [35]. In all cases the geometry of 
the thin domain was nontrivial in the sense that it could not be treated just by the 
separation of variables. The first and on of the most popular examples is a curved 
infinite thin strip or tube. Such model was studied in |18j with Dirichlet condition in 
two- and three-dimensional case. Two-dimensional case with Dirichlet and Neumann 
conditions on the opposite sides of the strip was considered in [35] ■ The main results 
of the mentioned papers are the estimates for the number of bound states and their 
asymptotic expansions. The uniform resolvent convergence to the effective operator 
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was also established. A more general case, namely, a curved infinite tube with a torsion 
was studied in [35| . Here the complete asymptotic expansions for the eigenvalues were 
constructed. The curved thin tube whose cross-section has a hole was treated in [2J. 
The quasi-classical approximation was considered and the operator was multiplied by 
the square of a small parameter characterizing the width of the tube. The asymptotic 
expansions for the eigenvalues and the eigenfunctions were constructed. One more result 
was the asymptotic expansion to the solution of the initial evolution problem. 

One more example of an infinite thin domain is a thin domain with variable width. 
It was studied in [25]. The uniform resolvent convergence to an effective operator was 
established as well as the estimates for the rate of convergence. One more result of 
|25j is two-terms asymptotics for the first eigenvalues. Similar results but in the case 
of periodically curved thin strip were established in [35]. Thin domains obtained as 
appropriate approximations of various graphs were treated in [2T], [32]. In [22] the 
resolvent convergence and the effective operator were studied, while in |21| the study 
was devoted to the asymptotic behavior of the resonances. Various physical aspects of 
the elliptic operators in thin domains were discussed in [3J, 0]. We also mention the 
review [33], where one can find further information of the state-of-art in the studies of 
thin domains. 

The models similar to our were studied in pQ, [T3], [T5], (THj, [22]. The first four 
papers are devoted to the model of a thin bent waveguide. The curvature describing 
the bending was scaled together with the width in the same fashion as we rescale our 
waveguide in the case L = el. In |29j one more similar model was considered. Here 
the waveguide was three-dimensional and the nontrivial geometry came from localized 
twisting which was scaled together with the width as the bending in pQ , [T3] , [H] , [H] . 
The operator in pQ, [Tl], [TB], [23] was the Dirichlet Laplacian, while in [TS] it was the 
Robin Laplacian. The main result of PQ, [14], [15], [H], [29] is the convergence theorems. 
Namely, the effective operator was found and the uniform resolvent convergence was 
proven. In [TB] the estimates for the rate of convergence were established under some 
additional restrictions for the resolvent's domain. It was also shown in pQ, [T3], [T5] . 
|16j that the effective operator can involve nontrivial boundary condition instead of 
bending, if certain one-dimensional operators possesses eigenvalue or resonance at zero. 

The main difference of our model in comparison with PQ , [T3] , [H] , [H] is that in- 
stead of bending we consider a special "twisted" combination of Dirichlet and Neumann 
boundary conditions. It must be said that we have borrowed the idea of such combina- 
tion from [T7] . In the case L = el our model can be also considered as a two-dimensional 
analogue of that in [29] . 

Let us describe our main results. In the case L = el we can rescale the strip 
to that with a fixed width and the boundary conditions imposed on fixed parts of 
the boundary. Under such rescaling the original resolvent ("H^g — Ee~ 2 — A) -1 , E = 
const, A = const, becomes e 2 ('H^ 1 ' ) — E — e 2 X)~ x . Here denotes the operator we 
consider. As E we choose the threshold of the essential spectrum and we consider the 
original question on the resolvent convergence as a certain threshold effect. Our results 
show that the asymptotic behavior of the original resolvent highly depends on the 
spectral properties of the threshold E of the rescaled operator. The idea of treating the 
resolvent convergence for perturbed elliptic operators as a certain threshold effect has 
been recently developed in the series of papers by M.Sh. Birman and T.A. Suslina for the 
homogenization problems, see, for instance, [5], [6], [42]. Although we study a problem 
of a completely different nature and we employ an essentially different technique, we 
show that in our case the effective operator also appears as a result of certain threshold 
effect. Namely, the form of the effective operator depend on whether the considered 
threshold is a virtual level or not. If it is not, the effective boundary condition for 
the effective operator is the Dirichlet one. If the virtual level is present, the effective 
boundary condition becomes more complicated. The last fact is in a good accordance 
with the results of [I], [TJ], [T5], [TB] since our virtual levels play the same role as the 
aforementioned zero eigenvalues or resonances in pQ , |14) , |15j , |16j . The same situation 
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Figure 1: Waveguide with combined boundary conditions 



occurs in [53]. Namely, if we rescale the tube considered in [35] to a hxed one, we obtain 
the fixed tube with a fixed twisting. It is known that such model has no virtual levels 
at the threshold of the essential spectrum and the Hardy inequality is valid, see [T5] . 
This is why the effective operator in [29] involves the Dirichlet condition. 

If L is fixed, we again make the aforementioned rescaling of the strip, and it leads us 
to the operator T-L < ^ > _ 1 , i.e., for this operator the length of the overlap of the Neumann 
conditions increases unboundedly as e — > +0. And as in the first case, we reduce the 
question on determining the effective operator to studying the spectral properties of the 
thresholds of certain fixed operator. 

In addition to identifying the effective operator, we prove the uniform resolvent 
convergence of the perturbed operator to the effective one. Moreover, we establish 
the estimates for the rates of convergence. These results are obtained for two possible 
operator norms in which we can consider the resolvent convergence. Namely, these are 
the norms of the operators acting in L 2 and from L 2 into W 2 . We also observe that in 
PPi 03]; [S]i [2H] the uniform resolvent convergence was established only in the sense 
of L 2 norm. 

The approach we use is quite elegant. The core is the technique presented in |12j for 
studying the same model but in the case of the fixed width. It comes originally from 
the papers [7] , [28] , where it was used to study the behavior of the discrete eigenvalues 
emerging from the essential spectrum. In [T3] it was adapted also for the considered 
model of the waveguide of a fixed width with twisted boundary conditions. In this 
paper we apply the adapted technique to study the resolvent convergence and this 
is for the first time that this approach is used for such study. Its main content is as 
follows. In the case L = ei it allows us to make an analytic continuation of the resolvent 
{Wp — E — £ 2 A) _1 in a vicinity of the threshold of the essential spectrum. And then we 
give the description of the possible singularities of this continuation at the threshold. 
Exactly the last description determines the effective boundary condition and the rates 
of the resolvent convergence. If L is fixed, we again employ the same approach but with 
the combination of some ideas of [3D], [HI]. We also mention that one of the effective 
approaches of studying the asymptotic behavior of the solutions to the problems in the 
thin domains is the method of matching of asymptotic expansions, see, for instance, 
[55] , Nevertheless, this method does not work in our case since it requires a quite high 
smoothness of the solution to the limiting problem that is not the case for our problem. 
In conclusion we note that our approach is quite universal and can be employed in 
studying various similar problems. 

2 Formulation of the problem and the main result 

Let x = (xi,x 2 ) be the Cartesian coordinates in R 2 , e be a small positive parameter, 
and n( £ ) := {x : < X2 < e} be an infinite strip of the width e, where e is a small 
positive parameter. Given a number L > 0, we partition the boundary of Il( e ) as follows, 

7 [ e) := {x : xx > L,x 2 = 0} U {x : x x < -L,x 2 = e}, := cTI (e) \ 7 [ e) . 
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In this paper we consider the Laplacian in Il' e ^ subject to the Dirichlct boundary 
condition on 7^ and to the Neumann one on , cf. fig. [TJ We define this operator 
as associated with the symmetric lower-semiboundcd sesquilinear form (Vit, Vt;) i2 (n(=)) 
on W 2 (IT( e ) , 7^ ) , where the symbol W 2 1 (fl, S) is the Sobolev space of the functions 
in W^fi) vanishing on S. We denote the introduced operator as ■ 

Our main goal is to study the resolvent convergence of as £ ~ * +0- We consider 
two cases. In the first case we let L = e£, where £ ^ is a fixed number independent 
of e. In the second case L > is fixed and independent of e. The structure of the 
effective (limiting) operator depends strongly on L and to formulate the main results 
we introduce additional notations. 

Consider the operator ■ It was shown in [T2J Th. 2.2] that there exists infinitely 



many critical values < £\ < £2 < ■ ■ ■ < £ n < ■ ■ • such that for £ £ (£ n ,£- 



n 1 



the 



operator H e has precisely n isolated eigenvalues. Given a function / £ L 2 (Il( e )), we 
introduce two projections, 

e e 

(V B f){xi,e) := / f(x) X [ £ \x)dx 27 (V e , L f)(xi,e) := / f(x) X [ e) L (x)dx 2 , 



2 TTX2 

2e 

2 WX2 
- cos — — . 

e 2e 



x\ > 0, 
x\ < 0, 
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e 2e 
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TTX2 
COS — — . 

e 2e ' 



x\ > L, 
\x x \ < L, 

x\ < —L. 



By || ■ || and || ■ ||i we denote the norm of an operator acting respectively in L 2 {J\-^) 
and from ^(n^) in W\ (II^). The symbol D will be employed to indicate the domain 
of an operator. 

Assume first that L = e£ and let us introduce the effective operator. It is the 
Schrddinger operator on the axis 



dx\ 



(2.1) 



subject to certain boundary condition. The type of this condition depends on £. If £ 
is noncritical, the boundary condition is the Dirichlet one at zero, i.e., in this case the 
domain of the effective operator is given by the identity 



T>(H cS ) = {u £ W\ (R) : u(0) = 0} n Wl{K+) n (E_). 

If I = £ n is critical, we have two subcases. Namely, for odd n there is no boundary 
conditions at all and H is the usual Schrddinger operator (|2.1[) having W% (B.) as the 
domain. For even n the boundary conditions are the most complicated and interesting 
ones. Namely, in this case the domain consists of the functions in W 2 2 (K.+ ) H W$ (R-) H 
W2 (R) satisfying the boundary conditions 



u(+0) 



i(-0), u'(+Q) = -u'(-O). 



(2.2) 



Now we are in the position to formulate our first main result. 
Theorem 2.1. Assume L = e£ and A £ C \ R. Then for sufficiently small e the 



resolvent [ % 



le 1 



A ) is well-defined and 



H 



(e) 



7T"' 
4^2 



a) -xi B) (^ eff -A)"V £ 



< Ce 1 ' 2 
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for critical I, and 



ei ~ le 2 _ 



^ Ce*' 2 



< Ce 1 ' 2 



for noncritical i. Here the constants C are independent of e but depend on X and I. 

Suppose now that L is fixed and independent of e. Here we study the convergence 
of the resolvent at the point Ee~ 2 + A, A e C \ R, where E = or E = it 2 /A. We choose 
E in this way since and 7r 2 / (4e 2 ) are exactly the eigenvalues associated with the first 
transversal modes on the cross-sections of the waveguides for |a?i| < L and \xi\ > L. 

It turns out that in the considered case the approximating operator is of different 
nature than in Theorem 12. II an it also depends substantially on E. Namely, by T-L eS we 
denote the operator (|2.ip subject to the Dirichlet condition at x\ = ±L, i.e., it has the 
domain 

D(n cS ) ={u G Wi(R) : u(-L) = 0, u{L) = 0} 

n W|(-oo, —L) n Wi(-L, L) n w£(l, +oo). 

By £q we denote the characteristic function of the segment [— L,L], while £^2/4 is the 
characteristic functions of R \ [-L, L\. 

Theorem 2.2. Assume L is fixed, X € C \ R, and E = or E = 7r 2 /4. Then for 



sufficiently small e the resolvent {h!f} — Ee 
inequalities 



A) is well-defined and satisfies the 



nf-^-x) -xH^-ApM 



E 



£\w s -xy x e E Vi 



< Ce 3 / 2 , 



^ Ce 1 ' 2 . 



Here the constants C are independent of e but depend on X and I. 

Let us discuss the main results. The fact that the action of the effective operator is 
determined by the identity (|2.ip is quite expectable and the main nontriviality is in the 
boundary condition. In the first case the assumption L = el means that the domain Il( e ) 
with partition of the boundary into the subsets 7^' , can be rescaled to the fixed 
domain IlW with the fixed partition ji 1 ' , Ty' . And since after rescaling we in fact study 
the convergence of the operator (H^ — \ — e 2 A) , the effective boundary condition 

at zero is determined by the operator 'Ky in the rescaled domain II^. More precisely, 
the effective boundary condition depends on the spectral structure of the threshold 7r 2 /4 
of the essential spectrum of ■ If I is critical, it was shown in [T2] that there exists 
a virtual level at the threshold of the essential spectrum, sec problem (|3.1[) below. And 
the structure of this solution determines the effective boundary condition in this case. 
If £ is non-critical, virtual levels are absent, and exactly this fact implies the effective 
Dirichlet boundary condition at zero. 

Similar situation occurs, if L is fixed. In this case we again rescale the domain 
Il( e ) to IlW. The sets 7^ and become 7^-1 and r^_ 1; while the resolvent 
becomes (H^l-i — E — e 2 A) _1 . As e goes to zero, we employ the ideas of [3D], [SI] this 
resolvent behaves approximately as a direct sum of two Laplacians in DA 1 ' subject to 
the Neumann condition on {x : X2 = 1} U {x : x\ < 0,.i2 = 0} and to the Dirichlet 
condition on {x : x\ > 0,^2 = 0}. This operator again has no virtual levels associated 
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with both the spectral points E = and E = 7r 2 /4, sec Lemmas 13.21 13.31 13.41 And 
again this fact finally yields the Dirichlet condition at x\ = ±L. 

We also observe that in the case L being fixed, there is one more factor £e in the 
approximation for the original resolvent. And due to the presence of this function for 
each / G L 2 (n (e) ) we have 

((H eS -\)- 1 e o V e f)(x 1 ) = 0, \xi\>L, 

((n eS -x)- 1 s^v s f)(x 1 ) = o, \ Xi \<l. 

4 

It means that the action of the effective resolvent is nontrivial only as |xi| < L for 
E = and as > L for E = n 2 /i. 

As we see, in both cases L — el and L = const the effective Dirichlet condition 
appears once there is no virtual levels for the rescaled operator at the point E, where E 
is involved in the perturbed resolvent. The presence of the virtual level gives rise either 
to nontrivial boundary conditions (|2.2j) or to the absence of the boundary conditions. 
We believe that such influence of virtual levels on the effective boundary conditions is a 
general fact occurring not only in our model. In a more complicated model the threshold 
can be also an (embedded) eigenvalue. We conjecture that in this case the projection 
to the associated eigenfunction will be the leading term in the asymptotic expansion 
for the resolvent. And we also conjecture that the leading term in the asymptotic 
expansion of the perturbed resolvent will be a pole and the mentioned projection will 
be the associated residue. 



3 Preliminaries 

In this section we collect a series of auxiliary results which will be employed in the 
proofs of Theorems [2JJ E2 

Let Hl e) := n< £ ) n {x : \x x \ < a}, II± := lit 1 ) n {x : ±x x > ±a}. In what follows 
as e = 1 we omit the superscript W in the notations related to the identity e = 1. For 
instance, II = IlW, II a = IL^. 

In [rjl Th. 2.3] a criterium for I to be critical for the operator T-Li was proven. 
Namely, the number i = £ n is critical, if and only if the boundary value problem 

- A0„ = ^ 4> n in II, (p n = on -y in , ^^ = on F^ (3.1) 

4 0X2 

has a bounded solution belonging to W^fJIa) f° r each a > and satisfying the asymp- 
totics 

4> n {x) =sm^ + 0(e-^ Xl ), .tx^+oo. (3.2) 

This solution is unique. For even n it is odd w.r.t. the symmetry transformation 

(x!,x 2 ) H- (-xx,l -x 2 ), (3.3) 

and is even for odd n. The first auxiliary lemma describes certain properties of the 
functions </>„. 

Lemma 3.1. The identities 

l l 
n (O,x 2 )sin^X2 dx 2 = (-1)"" 1 / 0„(O, x 2 ) cos ^x 2 dx 2 , 

o o 
l l 

/ -g^-{0,x 2 )sm-x 2 dx 2 = (-1) J -^-(0,x 2 )cos-x 2 dx 2 , 
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1 t„ 

y d^^ x2)sm r 2dx2 -2j 


1 



0n(xi, 0) dsci = 0, 



— ^-(0,x 2 )cos^a;2(ia;2 + ^ / (j> n {xx, 1) dxi = 0, 
ctei 2 2 J 

o -£„ 

1 <n 

/TV IT f 1 

0„(O, x 2 ) sin -a; 2 dx 2 + - / x 1 c/) n (x 1 ,0)dxi = -, 



1 o 

</> n (0, £2) COS -#2 ^2 - - / xi(/> n (x 1 ,l)dx 1 = 

o -£„ 

hold true. 

Proof. The first two identities follow easily from the parity of cj> n under the symmetry 
transformation (|3.3I) . The others can be obtained by integrating by parts in the integrals 

sin ^x 2 ( A + ^ J <j) n dx = 0, /cos ^x 2 ( A + ^ J <j> n dx = 0, 



xi sin — -X2 A + — ) <f> n dx = 0, / xi cos — X2 A + — <^> n dx = 0. 



One should also take into consideration (|3.2I) and the parity of 0„ under p. 31) and pass 
then to the limit as a — > +oo. □ 

The rest of this section is devoted to the study of two auxiliary problems which will 
be employed in the proof of Theorems 12.11 12~21 Let h = h(x) be a compactly supported 
function belonging to L 2 (J1) 1 /ibea small complex parameter. Denote Y + := {x : x 2 = 
1}, r_ := {x : x\ < 0, x 2 = 0}, 7* := {x : x\ > 0, x 2 — 0}. Consider the boundary 
value problem 

(-A - E + pt 2 )v = h in n, v = on 7*, ^— = on r+UT_, (3.4) 

ox 2 

with E = or E — ir 2 /4. We assume that the solution behaves at infinity as 



-a/?^ sin ^ + o (VV^^ 
v{x) = c_(M)e MXl + Q (eV" 2 V^j j 
for 2£ = 0, and 



u(a?) = c+{^)c-y- + ^ Xl sin^+0\e-y— +fl Xx j , xi -> +00, 

£1 — > — 00, 



(3.5) 



= c+^e-^ 1 sin ^ + (e-V^+v?*^ , Xl 
u(x) = c-faje 1 ** 1 + ^Vt 1 ^ 11 



(3.6) 



£1 — > — 00, 



for E = 7r 2 /4. In both case c±(//) are some constants. 

In the case = the solvability of the similar problem but with the Dirichlct 
condition on T + was studied in [51 Sec. 5] (if one assumes in [B] that d = ir and the 
right hand side in [5J eq. (5.1)] is even w.r.t. x 2 ). The technique used in this paper is 
the same as that in [T3J Sec. 4]. The type of the boundary condition on T + is completely 
inessential for this technique. This is why all the results established in [8j Sec. 5] are 
valid in our case up to minor changes related to the other boundary condition on T + . 
We formulate the needed results below without adducing the proofs. 

Let a > be such that the support of h lies in II a . 
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Lemma 3.2. Let E = 0, /i be complex and sufficiently small, b > be a fixed number. 
Then the problem j3.4\ l, 113. 5\) is uniquely solvable. The operator mapping the function 
h into the solution of the problem fr3.4\ ), H3. 5\) is bounded as that from Zv2(II a ) into 
W2 (nft)ond is holomorphic in \i. As \xx\ ^ a the solution fff.^| j, 13. 5)) can be represented 
as 



m— 1 



v(x) = c (^)e^ 1 + c ™(M)e 



yj 7r 2 m 2 +/j, 2 a;i 



x 2 , 



sm 7T m — 



m— 1 



.Ti ^ a, 



(1 - £2), s$ -a, 



(3.7) 



where the coefficients are holomorphic in /i and satisfy the uniform in \i estimate 

00 

Icq Ml 2 + E ™0 C ™(^)| 2 + Kn(M)| 2 ) ^ <7|Wl£ a( n a )- (3-8) 

m— 1 

In the case E — it 2 /4 one can again employ the same technique from [8j Sec. 5]. All 
the calculations remain true the same up to some minor changes. The only substantial 
change is the proof of an analogue of Lemma 5.3 from [5]. Although the idea of the 
proof is the same, the changes are not so minor. This is why we prove below the needed 
statement. 

Lemma 3.3. The problem \3.J$ , \3. 6\) with E — /1 = and h = has the trivial 
solution only. 

Proof. Suppose such solution exists. In the same way as in [5J Lm. 4.2] one can check 
that in a vicinity of zero this solution behaves as 

v(x) = ar 1/2 sin - + 0(r), r ->• 0, 

where (r, 8) are the polar coordinates associated with x. Bearing this fact and fl3.4[) . 
(|3.6p in mind, we take any fixed a > and integrate by parts as follows, 







7T 2 \ 8v , 



d 2 v dv d . 
dx\ ox\ 0x1 



xi—a 

dx 2 + 2 

xt=—a Yi 





dv 


r 


dxi 



(3.9) 



dx. 



By the separation of variables for x\ < we can represent v as 

v(x) = c-(0)c^ Xl +v ± (x), 

where 

1 

v ± (x) dx2 = for each x\ 6 (— 00, 0). 



We substitute this representation into (|3.9[) and pass to the limit asa4 +00. It yields 

iTrMo)! 2 



= 1 „ +2 





dv 




dv 1 - 


/ 


dx + 2 J 




dxi 


dxi 


ki<0} 




nn(i:ii<o} 





dx. 



Hence, 



, . dv 1 - dv 

c_(0) = 0, -= — = as xx < 0, - — = as xx > 0. 



It implies that the function u is independent of £1 and thus v = 0. 



□ 
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All other arguments of Sec. 5] can be easily adapted to the problem (|3.4p . ()3.5[) 

2 

with E = The result is formulated in the next 

Lemma 3.4. Let E = 7r 2 /4, /i be complex and sufficiently small, b > be a fixed 
number. Then the problem f3.^| ], 13. 6\) is uniquely solvable. The operator mapping the 
function h into the solution of the problem j3.4\ l, 113- 6]) is bounded as that from L2{Tl a ) 
into W^IIf,) and is holomorphic in fi. As \xi\ a the solution \3.J$ , A3. 6}) can be 
represented as 

v{x) = Cq (/i)c _Aia:i sin 



+ £ c+Me-NM™-*) 2 -^ 2 * 1 sinvr (m - \ ] a 



i;(i)=^(^t-^' 

OO j 

+ £ (M)eV Ti 



(3.10) 



m=2 



where the coefficients c m are holomorphic in [i and satisfy the uniform in fi estimate 



4 Proof of Theorem 12.11 



In this section we prove Theorem H3J Given / e L 2 {U^), we denote 

We rescale the variables x i— ► a;e _1 keeping the notation "x" for the new rescaled 
variables. It leads us to another representation for u £ , 

u e =e 2 u e (e-), u e ~(u e -^-e 2 )^ /(£•)■ (4.1) 

In what follows we employ exactly this representation. 

At our next step we introduce the function u\ as the solution to the boundary value 
problem 



-A - — - e 2 Aj ui = / in n, 

du 

Ui = on 70 U {x : x\ =0, < x 2 < 1}, — — = on To. 

ax 2 

The function u\ can be constructed explicitly by the separation of variables, 

OO 

ui(x,e) = ^2 U m (x,e)x m (x), 

q— fc m |a;i— ti| _ g— fc m (a;i+ti) 



(4.2) 



m— 1 

' +oo 



-fm{eti)dti 



Xi > 0, 



U m (xi,e) = < 



(4.3) 



(4.4) 



-km\x\—t\\ _ p fc m (e-\/— A)(si+ti) 



- fm{stl) dti, Xi < 0, 



E m := 7r I m - - 



Xm{x) '■- 



•\/2sin7r | — — | 



xi > 0, 



\/2sin7r (m — — j (1 — x 2 ), xi < 0, 
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k ■= eV^X, k m := \jE m -E x - e 2 A, / m (exi) := / x-m{x)f{ex)dx 



where the branch of the square root in the definition of k rn is fixed by the requirement 
71=1. 

The series (|4.3p converges in VF|(II \ {x : x\ = 0}) fl W^II) that can be shown by 
analogy with Lm 3.1]. It also clear that the Parseval identity 

oo 

!l/!lL(n. E ))=^EH^( e -)ll! 2W (4-5) 

m— 1 

holds true. Hereinafter by C we indicate various inessential constants independent of e 
and /. 

Lemma 4.1. Let a > be a fixed number. The estimates 

\\ui - UxXiWw^n) < Ce _1 H/llL 2 (nc*>). (4.6) 

ll^iXi||^(n a) <^" 3/2 H/llL 2( n e ) (4.7) 

hold true. 

Proof. The functions U m solve the problems 

-U m + (E m -E x - e 2 X)U m = f m (e •), x € R \ {0}, U m (0) = 0, 
and therefore satisfy the equations 

ll C/ m!lL 2 (R ± ) + {Em ~ E\ - E 2 X) || U m || | 2 ( E , ± ) = (f^' (e •)) ^m)i 2 (K ± ) • 

In its turn, they imply 

Nrr II ^ ll/m(£-)||L 2 (R ± ) .. , ., ||/m(£-)|U 2 (R ± ) , , 

llUmh ^^ E m - El -eRe\> Wmh ^^ y /E m -E 1 -eRe\ - ^ 

These estimates and (|4.5|l yield (|4.6p . 

To prove the second estimate, we represent U\ as follows, 



£1 +oo 

U 1 (x,e)=e-™ [ S j^I^f 1 (st 1 )dt 1 + S ^^ [ e-^h{et x )dt u x, > 



ii 

Xl 



(4.9) 



fi* J J M 



where /i = ey/—X. Employing this representation, the Parseval identity (|4.5|) . and the 
Schwarz inequality, one can prove easily the estimate (|4.7D . □ 

We construct u e as 

u e = ui£i+u 2 , (4.10) 

where £i = £i(a;i) is an infinitely differentiable cut-off function being one as \xi \ > £ + 2 
and vanishing as \xi \ < i + 1. In view of (|4.2[) the function ui is given by the formulas 

u 2 = (He -Ex- e 2 X)~ 1 g, g := f - (-A -E x - e 2 X)u 1 £ e L 2 (n). 

It follows from Lemma Pl.ll that 

l|Si|| W2 Hn f+2 ) ^Ce-^Wfh^y (4.11) 
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The last inequality and the relation 



[2£-^-+tf)«i 



dxi 

yield that the support of the function g is contained in Tle+2 and the inequality 

\\9\\L 2 (n e+2 ) ^C £ - 3 / 2 ||/|| i2(n(e)) (4.12) 

holds true. 

Now we employ the results of and this is the crucial point in the proof. Namely, 
we apply Lemma 4.7 from the cited paper to the function u 2 . It implies the following 
representation, 

u 2 = ^=cf> + u 2 , (4.13) 
ey -A 

IHkdM < C|| ff || L2(n , +2 ) < C £ - 3 / 2 ||/|| i2(n(E)) , (4.14) 

where the number b > is arbitrary but fixed, and in the estimate for u 2 we used (|4.12|) . 
The functional T is defined as 



T9' = I g4>ndx, 4> = 4> n , if l~l n is critical, 

i ' (4-15) 

Tg := 0, 4> — 0, if € is not critical. 

We remind that for critical £ the function <j> n is defined as the unique solution to the 
problem (|3.1I) . 
Denote 

r 3/2 



F±(e):=-^= [ e-e^^histjdh, E± := {f : ±* ^ 0}. 

± 

/i(et 1 ) = e- 1/a (7' e /)(ti > e) > 
F±(e) = ^L= y e-^l^'C^/O^i.eJtfti, (4.16) 



Since 
we see that 



R± 

Thus, 

\F + (e)\ + \F.(e)\^C\\f\\ L2{nM) . (4.17) 
Lemma 4.2. for critical £ = £ n the estimate 

\Tg - s-^ 2 V^2X{F + + (-l)"" 1 ^)! ^ Ce-'WfW^n^ 

holds true. 

Proof. We represent g as 

. 9 =(-A-£i-£ 2 A)(l-6)«i, 

where the right hand side is understood pointwise. For each a ^ i n + 1 we integrate by 
parts bearing in mind the equation for <p n in (13.11) . 



T.9 = y g<t> n dx = e 2 A / (£i — l)wi0 n dx 



n„ 

i 



+ / (f) n (0,x 2 ) [ -^-(+0,x 2 ,e)- g^-(-0,x 2 ,e)j dx 2 ( 418 ) 



In U 

+ J 4> n (xi,0)-^-(x 1 ,0,s)dxi- J <f>n(xi, 



(xi, 1, e) dxi 
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By direct calculations we check that 



— - (+0,2:2, e) - — (-0,x 2) e) 



= V2 (sin s/E^Xi I c 

m=l V {{ 



+ sin \/EU(l - x 2 ) y e 

—00 

00 +00 
= V2 ^ I sin \[~E^ l x 2 I c 

m=2 ^ q 



sin V - ^2) y e 



fcm(eV=I)|ti| 



f m (eti)dti 



-fc m (e-/=A)|ii| 



f m (eti)dt : 



f m (eti)dti 



-fc m (e%/=A)|*i| 



'/ m (£tl)dtl 

+ 2 % /^2Ae- 3 / 2 F+(e) sin |x 2 + 2\/^2A£- 3 / 2 i+(£) sin ~(1 - x 2 ), 

- — (xi,0,e) = V2 V" -v/^n^m(»l,e), 2Cl > 0, 
dx 2 ^— ' 

m— 1 

-^(11, M) = V5 ^ ^^(11,4 ail < 0. 

rn—l 

We substitute these identities into (14.181) , 
Try =e 2 A y (£1 - l)ui4> n dx 



-fc m (er N /=A)|ti| 



f m {eti)dti 



-fc m (e^)|ti| 



f m (£ti)dti 



+ V2 (f> n (0,x 2 )smy /r E^x 2 dx 2 / C 

™= 2 

00 1 ° 

+ V / 2^ 4> n (0,x 2 )smy^' l (l - x 2 )dx 2 j 
+ V / 2^ / 0„(xi,O)[/ m (xi,£)da;i + \/2 ^/^m / 0n(xi, l)C/ m (xi, e) dx x 

rn— 2 g rn — 2 _^ 

+ 2v^2\e- 3/2 If+(e) J 0„(O,x 2 )sin|x 2 dx2 +F_( £ ) y n (O, x 2 ) sin ~(1 - x 2 ) dx 2 
V 

in 
7T f 7T f 

+ -j= J (j> n (x 1 ,0)Ui(x 1 ,e) dxi + -j= J 4> n (x 1 ,l)U 1 (x 1 ,e)dx 1 . 
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Wc employ Lemma |3. II to rewrite the last expression as follows, 
Tg =£- 3 / 2 V^2A(F+( £ ) + (-l)™" 1 ^)) + e 2 X [ & - l)u^ n dx 



+ 00 



+ J2 f M0^ 2 ) sin ^E^x 2 dx 2 j c~ k ^^^ f m {eh) dh 
m = 2 o 

+ £ f MO,x 2 )sm^E^(l-x 2 )dx 2 f e-^^^l* 1 !/™^)*! 
+ ^ \f~E^n J <f> n (xi,0)U m (x 1 ,e)dx 1 



+ ^ v /r E^" / n (xi, l)Z7 TO (xi,e)da;i 
m=2 -1 

+ £ / 0, l (xi,O)(C/i(.Ti, £ )-2 £ - 3 / 2 V^A J F 1 + (e)xi)dxi 



(4.19) 



+ | / 0„(cci,l)(t/i(.T 1 ,£) + 2£- 3 / 2 V Z A J F 1 _(£)x 1 )dx 1 . 



-/ 



Let us estimate each term in the last identity. Due to (|4.17[) and (|4.11[) wc have 



/ (£l - l)«l^n ^ 



n„ 

By Schwarz inequality we obtain 

+00 

-fc m (eV=X)|ti| 



-fc TO (eV=A)|ii| 



Hence, by Parseval identity (|4.5[) . 



<^ 1/2 H/llL 2( n( e ))- 



f m {et{)dU 



f m (eti) dU 



Wf^-)\\l 2( n +) 
2Rek m (eV^X)' 

\\fm(e-)\\ 



00 j. +?° 
^ 4'n(0,x 2 )smy /r E^x 2 dx 2 / c~ fc 



-fc m ( £v /3 A)|ti| 



f m (eti) dh 



^ C £ 1 ||/llL 2 (n(=)): 



CO ^ " 

^ M0,x 2 )sin^/E^{l-x 2 )dx 2 e-^^^Uiet^dh 
'»= 2 o 

The first estimate in (|4.8[) and Parseval identity (|4. 5[) yield 



00 p 00 ,. 

^ V /r E^" / <t> n (x 1 ,Q)U m (x 1 ,e)dx 1 + ^ / 0„(xi, l)J7 m (:ri,£) dx] 

™ — n «/ ™ — 1 */ 



«S C J] V^IIM^) < C J2 E~ 1/2 \\f m (e- 



2 

Il 2 (e.) 



m=1 



m=1 
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/ oo \ V 2 / oo \ J /2 

< C E B m E H/ (m) (£-)lli 2 (R) I < ^ £ - : 



J\\L 2 (n(^)- 



\m=2 



\m=2 



It remains to estimate two last terms in (|4.19j) . It follows from the representation (|4.9[) 
that 



U 1 (x 1 ,e)~2e~ 3/2 V^XF + (e)x 1 = e"^ 1 



sinh /^t 



-fi(eti)dti 



-xx J e-^h{Et{) dh + f 8mh ^ _ ^ y e-^AistJdh, x x > 0, 

ii 


[/ 1 (x 1 , £ )+2 £ - 3 / 2 ^AF_( £ ) a;i =c^ / 

+ e^h{eh)dh + U - Smh ^M y e^Me^dh, x x < 0, 

-oo 

where /i = A. These formulas and Parseval identity (|4.5|) imply the desired estimate 
for the two last terms in (|4.19[) . 



+ -^= J 0„(a; 1 ,l)(C/ 1 (x 1 ,£)+2£- 3 / 2 ^Axi J F_(e))dx 1 



«S ChUi - 2e- 3 / 2 V^XF + (e)x 1 \\ L2{0M 

+ \\U 1 (x 1 ,e) + 2E- 3 / 2 ^\F_(e)x 1 \\ L2( _ ln ^ ^ Ce^Wfh^y 



The proof is complete. 



□ 



We again employ the results of [12] ■ Namely, it follows from the identities (4.5), 
(4.9) and Lemma 4.7 in this paper and the inequality (|4.12j) that the function can 
be represented as 



u 2 (x,e)= ^c^(£,A)x m (i)e" 



, ±x x > £, 



(4.20) 



where c^(e, A) are certain coefficients satisfying the estimates 



Tg 



crM)-(-i) 



^ e - 3/2 ll/ll L 2 (n( £ ))) 

< C e " 3 / 2 ||/|| i2(n(e)) , 



A 

n-l T9 



J2 m(|?+( £ ,A)| 2 + \c m (e,\)\ 2 ) < Ce- 5 / 2 ||/|| L2( n (E 



m=2 

for critical £ = £ n , and 



(4.21) 



]T m (|c+( £) A)| 2 + \c 7n ( £ , A)| 2 ) < C £ " 3 / 2 ||/|| i2(n(e)) 



(4.22) 
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for noncritical I. Thus, denoting 

oo 



m—l 



we have the inequalities 



l^lliv^n^) ^ Ce 5/2 ||/|| i2(n ( e)) for critical t, 



l 2 WW 



\{n\n t ) < Ce 3/2 ||/|| L2 (n(=>) for noncritical L 



It follows from (|4~Ht)) . l|Og|l . (|4~T7j) and Lemma IO that for critical t 

\Tg\ < C e - 3 / 2 ||/|| i2(n(e)) , llSalUipi.) < ^" 5/2 H/llL 2( n( S 
where a is arbitrary but fixed. Denote 

U e {xx) :=C/i(x,e) 
for noncritical £, and for critical £ = £ n we let 



(4.23) 



(4.24) 



(4.25) 



To/ :=V2(F + (e) + (-l) n - l F-(e)), 
( U!(xi,e) + 1 



-5/2 -ev^Ax 



C/i(xi,e) + (-l) B - L e 



'To/, 

-1-5/2 eV^Xx 



X\ > 0, 



(4.26) 



xi <0. 



It follows from Lemmas B~T1 B~2l and the relations (|4~TU|) . P~T3l . gUJ), (|4TT5|) . (fQ2j) . 
(gJH) that 

H(i -ex)Miii wi(n) <c £ - 3 / 2 n/ii 

ll«2|| w i ( n a< ) ^^ 5/2 H/llL 2( n( e )), (4-27) 
H^eXillw^naAOxi) < Ce~ 5/2 ||/llL 2 (n(«)); 

if I is critical, and 

|(l-€i)«i||wi(n)<C'e- 3 / 2 ||/|U 3(n (.)) ) 
l^allwjcn^) ^ C £ ll/llz 2 (n(e))> 
^eXi|ln/ 2 i(n 2 f) < C £ " 3/2 |l/!lL 2 (n(-))> 
if I is noncritical. Together with (g^DJ, (|4~2"Tj) . (022), P~2"3"f it yields 

- foxillwjpiNOxO < Ge- 5/2 ||/|| L2( n( E )) 

for critical and 

Pe-C/eXl||^(n) <C e - 3 / 2 ||/|| L2(n(e)) 

for noncritical £. We return back to the original variables x in n( £ \ let 

U e (x) := ^(nr 1 ), 
and employ (|4.1[) to rewrite the last estimates as follows, 

K-EMlL a( nc>) <^ 1/2 H/llL 2 (n< E )) 

for critical f , and 

K-E^ e) L 3( nM) < Ce 3 / 2 ||/|| L2(n(e)) , 

for noncritical £. 



(4.28) 

(4.29) 
(4.30) 

(4.31) 

(4.32) 

(4.33) 



15 



Due to (|4.31[) . (|4.25[) . and (|4.4[) for noncritical I the function U e solves the boundary 
value problem 



--^-X)U e = e- 1 / 2 ft = (V s f), ± Xl >0, U £ (0) = 0. (4.34) 



Thus, 



U e = (H cS - \)~ 1 V e f 



(4.35) 



for noncritical I. For critical i the function U E solves the same equation as in (|4.34[) . 
while by (|4.4[) . (|4.16l) . ()4.26[) the boundary conditions are 

U e (+0) = (-If-^^-O), C^(+0) = V^X{2F + (e) - To/), 
U' e (-0) = V=A( - 2F_(e) + (-!)"" l %f) = (-l^-^+O). 



Hence, for critical £ = l n we again arrive at (|4.35[) . Together with the estimates (|4.32|) , 
(|4.33[) it completes the proof of Theorem 12. II 



5 Proof of Theorem Q 

The main lines of the proof are the same as in the case of Theorem 12. II We first rescale 
the variables x i— > xe~ 1 and obtain 

u e = e 2 u £ (e-), u e := {H E -i L -E + e 2 A) _1 f(e-). 

The function u\ is introduced as the solution to the boundary value problem 

(-A- E + e 2 X)u 1 = f in II, 

du (5 1) 

Ui = on 7i e -i U {x : |xi| = Le" 1 , < x 2 < 1}, -r — = on T Ls -i. 

ox 2 



The solution is given explicitly by the separation of variables 

oo 

ui(x,e) = ^ U m {x,e)xmx{x,e), 



+ 00 



U m {xi,e) = < 



G^ l (x ll t ll e)f„ hL (et 1 )dt 1 , xi > Le 1 , 



G° n (x 1 ,t 1 ,e)f mtL (et 1 )dt 1 , \x\\<Le 1 , 



-Le- 1 




G+ n (x 1 ,t 1 ,e) 
G° n (xi,ti,e) 

G+(xi,ti,e) 



G m (xi,t 1 ,E,)f m , L (et 1 )dt 1 , x 1 < -Le l , 

— k m ,L \xi — Le^ 1 — *i I _ g— fe TO| i(xi — Le - +ti) 

g-^Cie" 1 -*!) s inhif m ( Xl + Le" 1 ) 
2K m sinh2i ; i' m L£- 1 

& -K m {Le- x +t x ) s [ n ] lKm ( Xl _ ie -l) g-Jfrnlxi-t!! 



2if m sinh2i ; !r m L£- 1 

c -fcm.t |xi + L£ _1 -ti | _ gfcm.iXaji + Le^+ti) 



2K„ 



(5.2) 



(5.3) 



Xw.,l{x) ■= Xm{x), \xi\> Le l , Xm.L(x) := 1, |xi|<Xe L , m = 1, 



1G 



:= v^cosTi^m — l)x 2 , |xi| < Le 1 , m ^ 2, 



/ m , L 



1 

(exi) := J Xm,L{x)f{ex)dx 2 , k m ,L ■= V E m - E + e 2 X, 



K m := y/n 2 (m-l) 2 - E + e 2 X, m > 1, 

This series converges in the spaces H /r |(IT^ Le _ 1 ), W2 (II iE -i), and W% (n), where II„ := 
IT n {a; : ±x\ > ±a}, and we remind that n a := II n {x : \x±\ < a}. The Parseval 
identity 



ii/iiL(n e) =e 2 Eii/^HiiL 
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holds true. In what follows by C we indicate various inessential constants independent 
of e and /. 

The analogues of Lemma 14. II in this case are the next three statements. 



Lemma 5.1. Let E = 0. Then the estimates 

'Kllw^n-, __,) < C£ ~ 1 \\f\\L 2 (nM)i 



l u illw 2 1 (n+ 



IK - U 1 xi,l\\w}(ii Le - 1 ) < Ce 1 1| /||z. 2 (nc-)) , 

hold true. 

Proof. We first prove the estimate (|Q|t . It follows from ([BTTjl . ([572]) . ([Oil that 
llV-xll^^^-^AH^II^^^ = (/(-),^) £2(n ^ E _ - 

Due to the boundary condition in (|5.1[) and the minimax principle we have 



(5.4) 
(5.5) 



(5.6) 



dx 2 



(xi,-,£r) 



£2(0,1) 



^ — ||«i(xi,.,£r)||| a(0il) for Ixi^ie 1 . 



Together with (|5.6[) it implies 



Hence, 



Substituting this estimate into (|5.6p . we arrive at (|5 .4[) . 

The proof of the estimate (|5.5[) is analogous to that of the estimate (|4.6I) in Lcmma l4TT1 

□ 

Lemma 5.2. Lei E = tt 2 /4. Then the estimates 

IK - £ / iXi,£llw 2 1 (n+ c _ 1 ) + IK - ^iXi^llw^n:^^) ^ Ce _1 |l/ll£ 2 (n(»)) ; 
IKIIw^n^-O ^ Ce^WJWl^)), 
hold true. 

The proof of this lemma is analogous to that of Lemma 15.11 
Lemma 5.3. Let E = or E = 7r 2 /4. TTiera i/ie estimate 

\\UiXi,L\\wi(n L ^ 1+2 \n LE ^_ 2 ) «S C^ 1 ||/|| L2( ne>) 

/10/cfc true. 
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Proof. It follows from (|5.3p that for x\ = Le 1 + z, \z\ < 2, the function U\ can be 
represented as 

+00 

/g— fci.i I*— ti| _ g— 



while for xi = — Le^ 1 + z, \z\ < 2, it satisfies the identity 

f Q-ki,h\z— ii| _ gfci.£,(z+*i) 
^i(-i£- 1 + z,e)= / /i,L(eti)d*i. 

These formulas imply the desired estimate 

II^Xi,i||^(n i£ _ 1+2 \n iE _i_ 2 ) ^ ^HJUHIkw < Ce- l \\f\\ L2{n ^ y 

□ 

Let £2 = £2(2:1) be an infinitely differentiable cut-off function being one as |xi| > 2 
and vanishing as |xi| < 1. We construct the function u e as 

u e (x) = u\(x)^{xx,e) + u 2 (x), £3(2:1, e) := £2(2:1 - Le^ 1 ) + £2(2:1 + Le^ 1 ). (5.7) 

Then the function u 2 is given by the identity 

« 2 (a;) = {H Le -i -E-e^^g, g := f(s-) — (—A — e 2 A)~ 1 Mi£ 3 . (5.8) 

Lemma 15.31 and the problem (|5.1[) allow us to estimate <?, 

.9 = (1-6)/+ fe^ + ^'W (5.9) 



5 dx 3 

\\g\\ L2i n) ^ C (|H| w i ( n £B _i +2 \n^_i_ 2 ) + Il/»lk(n)) ^ Ce^WfW^^y (5.10) 

We observe that due to the definition of £3 and (|5.9I) the function g is supported in 
n ie -i +2 \ n £e -i_ 2 . We then consider the function g separately for x\ > and x\ < 0. 
Namely, we let 

g+{x) := g(x\ - Le~ 1 1 x 2 ) 1 g~(x) := g{Le~~ x - x\, 1 - x 2 ), \xi\ < 2. (5.11) 
Both these functions are extended by zero for |xi| > 2. It is clear that 
g(x) = g+(xi + Le~ 1 ,x 2 ) + g-{Le~ x - xi, 1 - x 2 ). 



Let be the solutions to the problem (|3.4[) . p.5[) for E = and to the problem (J3T4J) , 
fl3U) for £ = tt 2 /4 with fj, = ey^X and h = g±. By Lemmas El [S3] and by (pTTUl) we 
conclude that for each b > the estimate 

ll«s llwspio < C^II/H^piW) (5- 12 ) 

holds true. Moreover, subject to the value of E these functions satisfy either the rep- 
resentation p.7[) or (|3.10[) with the coefficients satisfying (|3.8[) . The last estimate and 
(|5~TU1) imply 

OO 

MeV^A)| 2 + (£V^A)| 2 + KM\ 2 ) < C £ - 2 ||/|| 2 L2(n(e)) . (5.13) 
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By £4 = £,4(t) we denote an infinitely diffcrcntiable cut-off function being one as 
t > 1 and vanishing for t < 0. We introduce one more function 



(5.14) 

+ &[ 2Le _i_ 6 J"3(^ £ -n.l-xa). 

It follows from the definition of S3 and £4 that the function u 3 belongs to the domain 
of Wi e -i and 

('Hle- 1 — E — e 2 X)u 3 ~ g + g, (5.15) 



t , ^xi + 1 — 3^ 



™ : =2ZF^6^ i 2^-6 J dt^~ Ls 



1 „ /xi + Le 1 - 3 

(2Le- 1 -6) 2f4 i, 2Le-!-6 



U3 (xi - Le , X2) 



/ 3 — Le 1 — x\\ dut . 1 _ . 
or , e -^(Le- 1 - x x , 1 - x 2 ) 



2LS- 1 - 6 54 \ 2Le' 1 - 6 / &n 

1 <■» Le ^ 1 - X A ~+It -1 1 \ 



(2Le- 1 -6) 2<;4 V 2Le" 1 -6 

The function g is supported in Ii Le -i +2 \ n ie -i_ 2 - Bearing this fact and (|5.12[) . (|5.13D 
in mind together with the representations (|3.7[) and (|3.10j) . we can estimate g as 

||?||L 2 (n) < C^ _1 ||/lli 2 (n^))- 
The last estimate and the assertions (|5.8p . (|5.15[) yield 

u 3 - u 2 = (H Le -i - E - e 2 \)~ 1 g, 
\\u3 - u 2 \\l 2 (u) «S Ce _1 H/llL 2 (n(-))- 

Since 

||V(u 3 -2 2 )||l 2 (n) = (E-e 2 \)\\(u 3 -u 2 )\\l 2 (n) + (d,u 3 - u 2 )l 2 (ii), 

we get 

||w 3 - S 2 || w x (n) < C r £- 1 ||/|U 2( n(e) ) . (5.16) 

Now we estimate u 3 . As E = 0, it follows from Lemma 1331 and (|5.10|) . (|5.11[) . (|5.12l) 
that 

ll«?llw 2 1 (n+) ^ c 'll.9±llL 2 (n) < Ce _1 ||/|U 2 (n(0), 

e _ 1+2) < C(\\g ± \\ Lm +e- 1 ^(eV^X)\) < C £ - 3 / 2 !|/!| L2(n(e)) . 

Hence, in view of the definition (|5.14[l of u 3 it satisfies the estimate 

\\ue\\wi(u) ^Ce'^ 2 \\f\\ L2{IlM) . (5.17) 

This estimate is also valid for E = ir 2 /4 that can be proven in the same way. 
The inequalities (jBTTB)) . ([5~T7)) imply 

ll^Hiv^n) < C^~ 3/2 ||/llL 2 (n<-)) 

and by (|5.7p it yields 

\\ue-M3\\w}(n) ^C'e- 3 / 2 ||/|| L2(n(e , ) . 
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We apply Lemmas IBTTl 15.21 1531 and proceed in the same way as in (|4.27p . (|4.28|) . (|4.29|) . 
(|430)) . (|4"3Tj) . (|Q2|) . P~55]l . It leads us to the estimates 

llwellw^rAn^-i) + _ ^lXi.illwJCn^-O < C^" 3/2 ||/llz, 2 (n(=)) 
as E = 0, and 

||« e - UixiAwijnxn^,) + w^cn^-O c7er_3/2 II / 1 1 i a (n(=J ) 

as E 1 = 7r 2 /4. The desired inequalities follow directly from the obtained ones. The proof 
is complete. 

Acknowledgments 

This work was initiated by stimulating discussions with David Krejciffk. The authors 
thank him for this. They also thank the referee for valuable remarks. 

The research was partially supported by the grant "Spectral theory and asymptotic 
analysis" , FRA 2010 of Department of Engineering of the University of Sannio. 

D.B. was partially supported by RFBR, the grant of the President of Russia for 
young scientists - doctors of science and for leading scientific schools, by the Federal 
Task Program "Scientific and pedagogical staff of innovative Russia for 2009-2013" 
(contract no. 02.740.11.0612), and by the grant of FCT (ptdc/mat/101007/2008) 

References 

[1] Albeverio, S.„ and Finco, D., "Coupling in the singular limit of thin quantum 
waveguides", J. Math. Phys., 48, 032103-1 - 032103-21 (2007). 

[2] Bclov, V.V., Dobrokhotov, S.Yu., Sinitsyn, S.O., "Asymptotic solutions of the 
Schro" dinger equation in thin tubes", Proceedings of the Stcklov Institute of 
Mathematics, Suppl. 1, S13-S23 (2003). 

[3] Belov, V.V., Dobrokhotov, S.Yu., Tudorovskii T. Ya., "Asymptotic solutions of 
nonrelativistic equations of quantum mechanics in curved nanotubes: I. Reduc- 
tion to spatially one-dimensional equations", Theor. Math. Phys., 141, 1562-1592 
(2004). 

[4] Belov, V.V., Dobrokhotov, S.Yu., Maslov, V.P., Tudorovskii, T.Ya., "A general- 
ized adiabatic principle for electron dynamics in curved nanostructures" , Phys. 
Usp., 48, 962-968 (2005). 

[5] Birman, M.S., Suslina, T.A.: Homogcnization with corrector term for periodic 
elliptic differential operators. St. Petersburg Math. J. 17, 897-973 (2006) 

[6] Birman, T.A., Suslina, M.S., "Homogenization with corrector for periodic differ- 
ential operators. Approximation of solutions in the Sobolev class ff 1 (R d )", St. 
Petersburg Math. J., 18, 857-955 (2007). 

[7] Borisov, D., Exner, P., and Gadyl'shin. R., "Geometric coupling thresholds in a 
two-dimensional strip", J. Math. Phys., 43, 6265-6278 (2002). 

[8] Borisov, D., "Discrete spectrum of a pair of non-symmetric waveguides coupled 
by a window", Sb. Math., 197, 475-504 (2006). 

[9] Borisov, D. and Freitas, P., "Singular asymptotic expansions for Dirichlet eigen- 
values and eigenfunctions on thin planar domains" , Ann. Inst. H. Poincare Anal. 
Non Lineaire, 26, 547-560 (2009). 



20 



[10] Borisov, D. and Frcitas, P., "Asymptotics of Dirichlet eigenvalues and eigenfunc- 
tions of the Laplacian on thin domains in R d ". J. Funct. Anal., 258, 893-912 
(2010). 

[11] Borisov, D. and Cardone, G., "Complete asymptotic expansions for the eigenval- 
ues of the Dirichlet Laplacian in thin three-dimensional rods", ESAIM:COCV, 
17, 887-908 (2011). 

[12] Borisov, D., Cardone, C, "Planar waveguide with "twisted" boundary conditions: 
discrete spectrum", J. Math. Phys., to appear. 

[13] Bouchittc, C, Mascarcnhas, M. Luisa, and Trabucho, L., "On the curvature 
and torsion effects in one dimensional waveguides", ESAIM: COCV, 13, 793-808 
(2007). 

[14] Cacciapuoti, C, Exner, P., "Nontrivial edge coupling from a Dirichlet network 
squeezing: the case of a bent waveguide", J. Phys. A. ,40, F511-F523 (2007). 

[15] Cacciapuoti, C, Finco, D., "Graph-like models for thin waveguides with Robin 
boundary conditions", Asymptotic. Anal., 70, 199-230 (2010). 

[16] Cacciapuoti, C, "Graph-like asymptotics for the Dirichlet Laplacian in connected 
tubular domains", preprint arXiv:1102.3767 

[17] Dittrich, J., and Kfiz, J., "Bound states in straight quantum waveguides with 
combined boundary conditions", J.Math.Phys., 43, 3892-3915 (2002). 

[18] Duclos, P., Exner, P., "Curvature- induced bound states in quantum waveguides 
in two and three dimensions", Rev. Math. Phys., 7, 73-102 (1995). 

[19] Ekholm, T., Kovafi'k, H., and Krejciffk, D., "A Hardy inequality in twisted waveg- 
uides", Arch. Rat. Mech. Anal., 188, 245-264 (2008). 

[20] Exner, P., Post, O., "Convergence of spectra of graph-like thin manifolds ", J. 
Geom. Phys., 54, 77-115 (2005). 

[21] Exner, P., Post, O., "Convergence of resonances on thin branched quantum wave 
guides ", J. Math. Phys., 48, 092104 (2007). 

[22] Exner, P., Post, O., "Approximation of quantum graph vertex couplings by scaled 
Schrocdingcr operators on thin branched manifolds ", J. Phys. A, 42, 415305 
(2009). 

[23] Ferreira, R., Mascarcnhas, M. Lm'sa, "Waves in a thin and periodically oscillating 
medium", C. R. Acad. Sci. Paris, Ser. I, 346, 579-584 (2008). 

[24] Freitas, P., Krejciffk, D., "A sharp upper bound for the first Dirichlet eigenvalue 
and the growth of the isoperimetric constant of convex domains", Proc. AMS, 
136, 2997-3006 (2008). 

[25] Fricdlander, L.,Solomyak, M., "On the spectrum of the dirichlet laplacian in a 
narrow infinite strip", Amer. Math. Soc. Transl., 225, 103-116 (2008). 

[26] Fricdlander, L.,Solomyak, M., "On the spectrum of narrow periodic waveguides", 
Russ. J. of Math. Physics, 15, 238-242 (2008). 

[27] Fricdlander, L.,Solomyak, M., "On the spectrum of the Dirichlet Laplacian in a 
narrow strip", Israel J. Math., 170, 337-354 (2009). 

[28] Gadyl'shin, R.R., "On local perturbations of Shroedingcr operator in axis" , Thcor. 
Math. Phys., 132, 976-982 (2002). 



21 



[29] Giancscllo, C, "Schrodingcr operator in the limit of shrinking wave-guide cross- 
section and singularly scaled twisting", preprint arXiv:1110.662. 

[30] Golovina, A. "On a resolvent of elliptic operators with distant perturbation in a 
space", Russ. J. Math. Phys., to appear. 

[31] Golovina, A. "Resolvents of the operators with distant perturbations", Math. 
Notes, to appear. 

[32] Grieser, D., "Spectra of graph neighborhoods and scattering", Proc. London 
Math. Soc. 97, 718-752 (2008). 

[33] Grieser, D., "Thin tubes in mathematical physics, global analysis and spectral 
geometry" , Proceedings of Symposia in Pure Mathematics "Analysis on Graphs 
and Its Applications", 77, 565-593 (2008). 

[34] Grushin, V.V., "Asymptotic behavior of the eigenvalues of the Schro" dinger op- 
erator in thin closed tubes ", Math. Notes., 83, 463-477 (2008). 

[35] Grushin, V.V., "Asymptotic behavior of eigenvalues of the Laplace operator in 
thin infinite tubes ", Math. Notes., 85, 661-673 (2009). 

[36] Krcjciffk, D., "Spectrum of the Laplacian in a narrow curved strip with com- 
bined Dirichlct and Neumann boundary conditions", ESAIM:COCV, 15, 555-568, 
(2009). 

[37] Nazarov, S.A., "Asymptotics of eigenvalues of the Dirichlet problem in a thin 
domain", Sov. Math., 31, 68-80 (1987). 

[38] Nazarov, S.A., "Asymptotic theory of thin plates and rods. V. 1. Dimension Re- 
duction and Integral Estimates", Nauchnaya Kniga, Novosibirsk, 2001. 

[39] Nazarov, S.A., "Localization effects for eigenfunctions near to the edge of a thin 
domain", Math. Bohem., 127, 283-292 (2002). 

[40] de Oliveira, C.R., Verri, A. A., "On the spectrum and weakly effective operator for 
Dirichlet Laplacian in thin deformed tubes", J. Math. Anal. Appl., 381, 454-468 
(2011). 

[41] Panascnko, G.P., "Multi-scale Modelling for Structures and Composites", 
Springer, Dordrecht, 2005. 

[42] Suslina, T.A., "Homogenization in the Sobolev class H 1 (R d ) for second order 
periodic elliptic operators with the inclusion of first order terms", St. Petersburg 
Math. J., 22, 81-162 (2011). 



22 



